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ABSTRACT: Meshfree analysis methods, on a per degree of freedom basis, are typically more
computationally expensive and yet more accurate than finite element methods. For very large
models, whether meshfree or finite element, the memory and computational effort associated
with direct equation solvers makes them prohibitively expensive. In this work, the performance
of different linear equation solvers with meshfree analysis methods is explored. In particular,
parallel conjugate gradient solvers with both Jacobi diagonal preconditioning and incomplete
Cholesky factorization preconditioning are tested on a number of different meshfree analysis
applications and compared against the performance of a fast direct sparse equation solver. It is
found in these exploratory computations that as the support size of meshfree shape functions
increases, the condition number of the associated stiffness matrices increases, and the relative
efficiency of iterative solvers suffers somewhat. Nevertheless, for normalized support sizes
between one and two, the performance of both conjugate gradient solvers compares very
favorably with that of the sparse direct solver for intermediate (N ~ O(10%)) and large problems.
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1. INTRODUCTION

Conventional finite element methods suffer a number of difficulties in dealing with specific
classes of problems such as those involving large deformation and those involving crack
propagation, which require the treatment of discontinuities that do not coincide with the original
mesh lines [5]. The objective of recently developed of meshfree methods is to eliminate these
difficulties by constructing the function approximations entirely in terms of nodes. That is,
meshfree methods do not require any explicit meshes for approximation, and the problem
domain is completely described by particles, with the approximation solution constructed using a
set of meshfree shape functions [9,32].

Despite these significant benefits, the high computational cost of meshfree methods has been
perceived as problematic. The unique aspects of meshfree methods compared to finite element
methods that result in greater computational expense are: larger bandwidths of the stiffness
matrix, nontrivial imposition of essential boundary conditions, lack of simple element-based data
structures, more expensive spatial numerical integration procedures, and nontrivial computation
of nodal shape functions. In recent years, many of these efficiency issues with meshfree methods
have been successfully addressed. For example, using singular kernel shape functions for the
essential boundary nodes greatly simplifies the imposition of essential boundary conditions [8],
and usage of stabilized conforming nodal integration dramatically reduces the cost of spatial
integration [9]. Furthermore, for large and nonlinear problems, the initial nontrivial cost of
computing shape functions becomes a relatively insignificant fraction of the overall computing
effort in comparison to the nonlinear solving operations. With greatly improved efficiency in
these aspects of meshfree analysis, the need to address efficiency issues in nonlinear solving

operations becomes even more important.



To further reduce the computational expense associated with meshfree methods, this effort
will focus on the reduction of linear solving times which lie at the heart of most nonlinear
solving algorithms. Many efficient linear equation solvers that utilize sparse storage schemes in
solving Ax = b have been used successfully with finite element methods. However few of these
solvers have yet been applied or explored with meshfree methods due to the a priori difficulty in
determining the sparse storage requirements. Part of the difficulty in determining the sparse
storage requirements with meshfree analysis arose from the need to apply essential boundary
conditions using transformation procedures that modified the sparsity characteristics in a manner
that was very difficulty to predict [8]. However, with the boundary singular kernel shape
functions mentioned previously, the essential boundary nodes recover Kronecker delta properties,
obviating the need for transformation procedures. Accordingly, the sparsity characteristics of
meshfree equation systems become very tractable making it very easy to use sparse solvers in
linear solving operations.

In large-scale structural analyses, the computational expense is often dominated by the cost
solving systems of coupled linear equations. In the past two decades much research has
therefore been done on fast and efficient linear solving algorithms for large, potentially ill-
conditioned systems. In the 1980’s and early 1990’s numerous very fast vector and parallel
direct equation solvers were developed based on different implementations of Choleski
factorization [29,30] of symmetric positive definite systems of equations into triangular factors
(LL"), followed by the forward and backward solution of the resulting triangular systems.
Notable works have been accomplished in the development of Cholesky factorization algorithms
that use skyline, profile and sparse matrix storage schemes [30] of which sparse solvers tend to
show the greatest performance. A key aspect of fast and efficient sparse solvers is that of re-

ordering the system of equations in such a way as to minimize the amount of “fill-in” that occurs



during factorization, since this can significantly reduce both the number of factorization
operations and the memory storage requirements for the factorization of the stiffness matrix. In
spite of the significant gains in efficiency with optimum re-ordering of sparse systems, the
asymptotic performance of even the best sparse solvers indicates that their required memory and
cpu-operations grow in proportion to (N* - N*°) as N becomes large, and thus will not be
competitive with scalable iterative solvers for sufficiently large problem sizes. Nevertheless,
numerous domain decomposition methods (e.g. [13]) have been investigated with the objective
of breaking extremely large systems into moderately sized and coupled subdomains on which the
fast, direct solvers can still be effectively employed. Since development of efficient solving
methods appropriate for large nonlinear meshfree analysis problems is the goal of this research,
parallel iterative conjugate gradient equation solvers with different preconditioning methods are
explored here as potential solutions and their performance is compared with that of a very fast
direct, sparse solver.

It is believed that CPU and memory requirements that scale like NV as N becomes large can be
achieved by employing conjugate gradient solvers in conjunction with appropriate
preconditioning methods and parallelization. The recognized advantages of conjugate gradient
solvers that make them potentially attractive here are: 1) cpu-effort scales linearly with problem
size when used with diagonal preconditioning; 2) explicit storage of assembled global tangent
stiffness operator with fill-in is not required; 3) they are easy to parallelize; and 4) they have
been used successfully with FEM. Therefore, the performance of conjugate gradient solvers
with meshfree methods is investigated and issues arising from the nature of meshfree methods
are noted. In addition, alternative preconditioning methods in conjunction with a conjugate
gradient solver are implemented and tested. All the operations of the preconditioned conjugate

gradient (PCG) solvers are parallelized for shared memory environments, and the parallel



performance characteristics of the PCG solvers are tested.

The remainder of this paper is organized as follows. Section 2 presents a brief review of
meshfree methods including shape functions, variational continuum formulation, and notable
characteristics of meshfree methods. In Section 3 preconditioned conjugate gradient solvers and
their implementation for meshfree analyses are discussed along with the details of an incomplete
Cholesky factorization preconditioning algorithm. Issues pertaining to parallel implementation
of the PCG solver with IC factorization are covered in Section 4. Many numerical examples
are presented in Section 5 to compare the performance of direct and different PCG solvers. The

manuscript closes with both discussion and conclusions in Section 6.

2. OVERVIEW OF MESHFREE METHODS

2.1 Shape Functions

The major difference between finite element methods and meshfree methods lies in the
spaces from which the approximation functions are constructed. In FEM, approximation
functions are developed with shape functions that are both node and element based. In meshfree
methods, the shape functions are only node-based. The Reproducing Kernel (RK) approximation
in the Reproducing Kernel Particle Method (RKPM) [24] is one of the most commonly used
function approximation methods, and it is employed for this research. The discrete RK

approximation field of a variable field u is
NP
u'(x)= ®,(;x-x,)d, (2.1)
1=l

where NP is the number of discrete points used in the approximation, d; are the coefficients of

the approximation functions, and @, (x;x —x,) is the reproducing kernel, which is expressed by



D, (x;x-x,)=C(x;x—x,) D, (x—x,) (2.2)

where @,(x-x)) is a kernel or weight function, a is a measure of the size of the support, and

C(x; x-x7) 1s a correction function that is used to satisfy the n-th order reproducing conditions

NP
Zaa (x;x —x, )xhxd xi, =xtxixy  for ptgtr=0,1, - -n; p>0; g>0; r>0 (2.3)
I1=1

where x;; is the nodal value of the i Cartesian component x; at node /. The correction function

C(x;x-x7) 1s constructed by a linear combination of complete n-th order monomial functions

Clx;x—x;)= Z (6, = x,)" (06 = 3x3) (365 = X3,) "D, (x) = H' (x = x,)b(x) 24

p+q+r=0

where b,,(x) are the coefficients of the monomial basis functions that are functions of x, b(x) is

a vector of b,,(x), and H(x-x;) is a vector containing the monomial basis functions
T 2
H' (x-x;)= b’xl =Xy Xy = Xpp, X3 = X3, (X = xy) 7,0, (0 _x31)nJ (2.5)

Substituting Eq. (2.4) into Eq. (2.3), the coefficients b(x) are solved by

M (x)b(x) = H(0) (2.6)
where
NP
M(x)=Y H(x—x)H" (x—x,)®,(x-x,) (2.7)

I=1
is the moment matrix of @ (x-x,). Using the solution of Egs. (2.2), (2.4) and (2.6), the

reproducing kernel function approximation is obtained by

NP NP
' (x)= Y H OM ™ () H(x-x)®,(x-x)d, =Y ¥,(x)d, (2.8)

I=1 I1=1

in which ¥, (x) (I =1,2,...,NP) are the RK shape functions



¥, (x)=H (OM " (X)H(x~x;) D, (x~x;). 2.9)

A cubic spline function is employed as the kernel function in this research such that

g—4z2+4z3 forzSl
3 2

D (z)= %—4z+4z2—§z3 for%<z£1 (2.10)
0 forz>1

€ _ 9

where z is |x - x,| /a. The quantity “a” is commonly called shape function support size, and is a

principal factor in determining the connectivity among discrete nodal points of the model.

2.2 Variational Continuum Formulation

Meshfree analysis has been implemented for a variety of linear and nonlinear structural
computations of static problems using reproducing kernel particle methods [7]. We can consider
a body that is deformed from initial configuration Qy with boundary /'y to a deformed

configuration Q, with deformed boundary 7,. The body is subjected to body force field b; in Q,,

a surface traction field /; on the natural boundary I"”, and a prescribed displacement field g; on

the essential boundary 7% . We denote the particle positions in the initial configuration Q , by

X and those in the deformed configuration €2, at time ¢ by a mapping function ¢ where x = ¢(X,

). The strong form of equilibrium for general linear or nonlinear continuum problems is as

follows: Given b,(X.,?), h;(X,t), and g,(X,?),find u Q® [O,T ] — R such that

r;;,+b;=0 in Q (Equilibrium condition) (2.11)

X



t..m;,=h on I f" (Natural boundary condition) (2.12)

/A

u; =g, on I'¥ (Essential boundary condition) (2.13)

Above 7; is Cauchy stress obtained from a general constitutive law of the form 7 =7(F) in

which F =0x/0X is the deformation gradient. In this paper, a Saint Venant-Kirchhoff elastic
material is assumed for which the second Piola-Kirchhoff stress Sy, is calculated by
SIJ = ﬂ“EKKé‘[J + 2IUEIJ = CIJKLEKL (2.14)

in which Ey, is the Green-Lagrange strain tensor [E XL = %(F wFi — Ok )] The second Piola-

Kirchhoff stress is related to the Cauchy stress by

1
= FurSuvFyn (2.15)

ij
where J = det(F). Using standard methods in vector calculus, it can be shown that the weak or
variational form corresponding to the strong form above is:

jg{ du, ;7,40 = | , b, dQ+ [ oy S dr (2.16)

2.3 Introduction of Meshfree Shape Functions

By introducing the RK approximation from Eq. (2.8) into Eq. (2.16), the following matrix
equilibrium equations at the A-th unrestrained node are obtained
r,=f"—f=0 (2.17)
in which

£y =[ B):rdQ (2.18)

f5 = ¥,bdo+[ ¥, hdr (2.19)



where: B, is the nodal strain displacement matrix; ¥4 denotes the nodal shape function for the
A™ node; f ™ represents the internal forces on node 4; and f§" represents the external forces on

node 4 due to body forces and surface tractions. The tangent stiffness matrix associated the

system (2.17) is written:

d i;?t
Y _ K" = J‘B;cjkBlngx T J.erjklp,igﬂdgx (2.20)
du g, Q, Q,

Above, ¢, is the condensed form of the spatial elasticity tensor associated with (2.14) and

(2.15).

2.4 General Newton’s Methods

For linear static problems, the internal force vector is the product of the linear stiffness
matrix K and the displacement vector d, and only a single factorization is required. For nonlinear
static problems, the system of nonlinear global force-balance equations at a given time or load

step n+1 has the form
rd,.)="0 (2.21)

which is generally solved by Newton’s method with line searching for a fixed time step
([15,31],for examples). The sequence to update the global displacement vector at the (n+1)-th

time step is shown in the algorithm of Box 2.1 in which ¢, is the line search parameter chosen

to satisfy the standard line search criterion

8, r!(a; ] <sToL 2.22)

where STOL is a tolerance parameter controlling the accuracy of the search. For the linear
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solving phase, the global stiffness matrix K needs to be updated each iteration in a full Newton-

Raphson method, but only occasionally if a modified Newton’s method is used.

2.5 Definition of Nodal Neighbors and Data Structure

For enhanced accuracy and efficiency, the global stiffness matrix and force vector in Eqns.
(2.18) — (2.20) are integrated in this work using a stabilized conforming nodal integration method
(SCNI) [9]. In SCNI, the nodal representative areas are defined using Voronoi cells (as shown in
Figure 2.1) for local strain smoothing to meet linear exactness in the Galerkin approximation for
optimum rate of integration [9]. It follows that the connective topology of the global stiffness
matrix structure in this work is determined by such factors as Lagrangian nodal coordinates,
Voronoi integration cell specifications, and shape function support sizes. It is necessary to
explicitly quantify the connective topology of the stiffness matrix in order to store and
manipulate it with the data structures used by sparse solvers.

To facilitate this discussion, a number of definitions are presented here. First, the set of all
nodes in a meshfree model, with each identified by an integer value, is denotedz. Each node
will have its own support region which is the space covered by its nodal shape function. For
example, the support region of node / is denoted by Q2, = {X ey |V, (X)# 0}. In addition,
each node I in the model will have its own Voronoi integration cell region denoted V, .
Furthermore, each node 7 in the model will have its own set of coupled nodes C; and its own set

of neighbor nodes N; both of which are defined mathematically as follows:

¢, {Jen|leQJ¢{@}}
N, Uenv,nQ, ={@}} (2.23)

In other words, C; is node I’s set of coupled nodes whose support regions overlap that of node /.
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In a similar fashion, N, is the set of node I’s neighbor nodes, with members being those whose
support region overlaps node /’s integration Voronoi cellV; . Figure 2.1(a) shows a typical node /
with its support region €, covered by node I’s nodal shape function and Figure 2.1(b) shows the
typical Voronoi integration cell for a node B. Since a Lagrangian continuum formulation is used,
these overlap computations of each node’s set of coupled nodes C and neighbor nodes N can be
done once and for all in the undeformed configuration. Each node’s set of connected and

neighbor nodes is stored in the following data structures:

¢ [P(i), (i=1,numnp): number of nodes whose “support” covers the
integration cell of node i. This is the number of
“neighbors nodes” for a node i.

¢ INODE(, j),(i=1,numnp; j=1,IP(i)) :  list of neighbor nodes for node i.

¢ NB, (i=1,numnp): number of coupled nodes for each node i

e NBL(j, j), (i=1,numnp; j=1,NB(i)) : list of coupled nodes for each node i
The algorithm for assembly of the global stiffness matrix from nodal stiffness matrices is

provided in Box 2.2.

2.6 Special Characteristics of Meshfree Methods

The special characteristics of meshfree methods that contribute to the high computational
cost of solving linear systems K -6 = —r are large bandwidths of the global stiffness matrix and
severe ill conditioning of the global stiffness matrix with increasing shape function support size.
Figure 2.2 shows an equally spaced discretization in order to illustrate why meshfree methods
have global stiffness matrices with large bandwidths. When a normalized shape function support
size of unity is used, the number of coupled nodes at the i-th integration point in Figure 2.2 is 5,
whereas the number of neighbor nodes with piecewise linear finite element shape functions is 3.

The number of neighbor nodes is 25 in two-dimensional problems and 125 in three-dimensional
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problem with meshfree methods, whereas it is 9 in two-dimensional problems and 27 in three-
dimensional problems with finite element methods using bilinear and tri-linear shape functions.
When it is considered that normalized support sizes of 1.5~2.5 are commonly used with
meshfree methods, it is clear that the bandwidth of K is typically much larger than that for FEM.
This aspect of meshfree methods that causes large bandwidths of the global stiffness matrix
consequently requires more CPU time in solving linear systems K-8 = —r. Understanding this
characteristic of meshfree methods, the performance of direct equation solvers and iterative
equation solvers is investigated and compared.

The ill conditioning of the global stiffness matrix with larger shape function support sizes is
another unique feature of meshfree methods that can result in higher computational cost. The
reason for this characteristic is that as the normalized support sizes increase, the resulting shape
functions become more and more linearly dependent if the order of basis functions stays
unchanged. While ill conditioning of the stiffness matrix does not generally present much of a
problem for direct equation solvers, it can present a very serious problem with iterative equation

solvers.

3. PRECONDITIONED CONJUGATE GRADIENT SOLVERS

3.1 Jacobi Preconditioned Conjugate Gradient Solvers

The conjugate gradient method, originally developed by Hestenes and Stiefel [12], is an
iterative algorithm for solving systems of linear equations Ax = b, for real symmetric positive
definite matrices 4 € IR"™ without assembling or factorizing the matrix 4. The conjugate
gradient method works well on matrices that are either well conditioned or have just a few
distinct eigenvalues, and so we often attempt to precondition a linear system so that the matrix of

coefficients assumes one of these nice forms. Given a symmetric positive definite 4 € R"™, b e
Yy s
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IR", a symmetric positive definite preconditioner B, and initial guess x, (Axy = b), the algorithm
of Box 3.1 for modified PCG - based upon the conjugate gradient algorithm - solves the linear
system Ax = b.

The advantage of iterative equation solvers such as Preconditioned Conjugate Gradient
(PCG) methods (Box 3.1) and memoriless quasi-Newton methods [31] is that they require less
storage than sparse or banded solvers, since the global stiffness matrix K need not be formed and
factorized. A goal that is sometimes achievable with PCG iterative solvers is to have the
asymptotic number of operations grow in proportion to the problem size N as N becomes large.
PCG solvers are very attractive due to their relative ease of parallelization on most computing
architectures and the fact that when a high degree of accuracy is not required in the solution, the
number of iterations can be dramatically reduced thus trimming down the computational expense
accordingly [26]. Despite these strong points favoring iterative equation solvers that can lead
them to sometimes dramatically outperform even the fastest direct solvers on moderately sized
problems, the major disadvantage of iterative methods is that when the system of equations to be
solved is ill-conditioned, the convergence characteristics of the method suffer quite dramatically.

The equation for forming incremental force for each node in the PCG algorithm is

S,y =8,—-a,A-g. 3.1
where the computation of product 4-gy, is performed not at global level, but at the nodal level by
storing the nodal contribution to A4, and is composed of following steps: 1) localize global
incremental displacement vector g to nodal level; 2) gather all coupled nodal stiffness matrices 4
from storage; 3) apply nodal stiffness and nodal displacements to compute the product A4-g;
4) assemble all nodal contributions into global force vector.

Different preconditioning methods for conjugate gradient solvers lead to quite a range of

different performance characteristics making the choice of an appropriate preconditioner B quite
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important for the practical applications of the PCG algorithm. The rate of convergence in the

energy norm ||xm|| W= (x,-A-x, )% is bounded as follows:

JC -1
Ix,, —x]

v =], <2

where C is the condition number of B"'A. Since the right hand side increases with growing

(3.2)

A

condition number, lower condition numbers usually accelerate convergence. It is therefore
desired to have B approximate 4™ in the sense that C ~ 1, while retaining a computationally

efficient structure. An extremely simple and yet sometimes very effective preconditioner is

diagonal scaling in whichB™' = (diag K)_1 . This is often referred to as Jacobi acceleration

[14,15] or the Jacobi conjugate gradient method (JCG).

3.2 Alternative Pre-conditioning Strategies

When the convergence rate of the JCG method is slow, other more robust preconditioning
strategies should be used that do not compromise the inherent benefits of iterative equation
solvers. Among popular preconditioning methods are Incomplete Cholesky Factorization (IC)
preconditioning [3,16], element-by-element preconditioning [19], polynomial preconditioning
[3,16] and multigrid preconditioning [1]. IC preconditioning methods are very effective in terms
of accelerating the convergence in accordance with (3.4). However IC factorization algorithms
can be difficult to parallelize due to the recursive nature of the computation. On the other hand,
polynomial preconditioners are easy to parallelize since they only involve the computation of
matrix-vector operations, but this method is not as powerful as the IC preconditioning method.
To overcome difficulties with parallelization of IC factorization, incomplete block Cholesky

factorization preconditioner using matrix blocks as basic entities were proposed [2,10,25].
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The Crout element-by-element preconditioner was proposed by Hughes et al [19] to maintain
the element-based data structure in finite element codes. With this approach, additional memory
required for preconditioner is reduced and CPU-effort required to define a new data structure is
not necessary. Recently Grote and Huckle [17] proposed a more sophisticated method for
parallel preconditioning with sparse approximate inverses. With this method, a sparse
approximate inverse is computed explicitly in parallel and it provides full control over the
sparsity and the quality of preconditioner. These capabilities enable one to choose an optimal

preconditioner for a particular problem and architecture.

3.3 The Incomplete Cholesky Factorization Preconditioner

One of the most important preconditioning strategies involves computing an IC factorization
of A. The idea behind this approach is to calculate a lower triangle matrix H with the property
that H has some tractable sparsity structure and is somehow close to A’s exact Cholesky factor G.
The preconditioner is then taken to beB™ = H'"H™'. To appreciate this choice, consider the
two following facts: First, there exists a unique symmetric positive definite matrix C such that
B =CC’and B =C7'C™". Second, there exists an orthogonal transformation Q such that
C=0QH". Accordingly,

Bla=c'ac’

33
= (HQT)_IA(QHT)‘l - Q(H—IGGTH—T)QT ~1 3.3)

Thus, the better H approximates G the smaller the condition number of B™'A , and the better the
performance of the PCG algorithm.
A simple, effective H that approximates G is computed by stepping through the sparse

Cholesky factorization neglecting fill-in, and it is described in the algorithm of Box 3.2. The
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number of operations required for the IC factorization neglecting fill-in is as follows
N
> (IR, x NDOF)* (3.4)
k=1
where N is the number of integration points or nodes in the model, and /P, is the number of
neighbor nodes coupled to the k™ node.

For what is called here the Incomplete Cholesky Conjugate Gradient (ICCG) method, the
global stiffness matrix is formed and stored in the so-called compressed row sparse format,
which stores only non-zero terms of stiffness matrix row by row. Box 3.3 is an example of
matrix storage with the compressed row sparse format. Since the proposed algorithm for IC
factorization neglects fill-in the data structure for the lower triangle matrix H is identical to that
of the stiffness matrix in sparse format. The size of diagonal preconditioner is very small in
comparison with global stiffness matrix in large-scale problems, and thus the memory required
for the ICCG method is almost twice as big as that for the JCG (Jacobi preconditioned conjugate

gradient) method.

3.4 Required Storage with PCG Solvers

In the finite element method (FEM), storage for the element level stiffness matrices is well
defined in that one can predict the size according to the element type used (i.e. the size of the
element stiffness) and the number of elements in the model. In addition symmetry in element
level stiffness matrices enables further savings in storage. Typically, the storage of all the
element level stiffness matrices requires far less memory than that of the assembled global
stiffness matrix in skyline, profile, or banded form.

Since there are no elements in meshfree methods, the nodal stiffness matrix assumes a role
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analogous to that of the element level stiffness matrix in FEM. The nodal stiffness matrix stores
the contributions to the global stiffness matrix for any two coupled nodes. To illustrate, consider
the simple one-element four-node model shown in Figure 3.1 in which each node has two
degrees of freedom. In FEM, the element level stiffness matrix is symmetric, and thus only the
upper triangle needs to be stored. The size of the element level stiffness matrix is (VEE x (NEE
+ 1)) / 2 =36 words where NEE = NEN x NDOF is the number of element equations (8). If the
very simple model in Figure 3.1 were treated as a meshfree model, each contribution to the
global stiffness matrix by two coupled nodes would be given by K, where a and b indicate
specific nodes. The sixteen nodal stiffness matrices for this model are: Ka,, Ky, Koc, Kad, Kba, Kob,
Ky, Kog, Keo, Ko, Koo, Ked, Kaa, Kav, Kac, Kaa, and except for K, Kib, Koo, Kqq they are generally
nonsymmetrical unlike element level stiffness matrices in FEM. However it is not necessary to
store the entire set of nodal stiffness matrices, since Kj; is equal to KjiT where i and j are node
numbers of coupled nodes. Consequently, the minimum set of nodal stiffness matrices to be
constructed and stored is: Ky, Kuc, Kad, Kbe, Kvd, Kea as well as the upper (or lower) triangular
parts of K., Kyb, K., and Kyq. The cumulative size of all the nodal stiffness matrices here would
be 6 NDOF’ + 4 (NDOF x (NDOF+1))/2 = 36 words which is exactly the same as that for the
stiffness matrix in sparse form without fill-in. In general, the memory S required to store the
nodal stiffness matrices in a meshfree model would be computed as follows

§=>"L[IP, x NDOF x(NDOF +1)|=+ NDOF x(NDOF +1)}_ IP, (3.6)

N N
k=1 k=1
where N is the number of unrestrained nodal points in the model and /P, is number of nodes

coupled with the k™ node. In the current example, each of the three nodes has three coupled

nodes yielding S = 36 words.
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4 PARALLEL SOLUTION SCHEMES

4.1 Paradigms and Overview

Many recently developed structural analysis programs take full advantage of parallelism.
Those codes in which parallelism is considered from the outset of development can take greatest
advantage of parallelism, with the capacity to use a large number of heterogeneous CPUs with
mesh partitioning, and message passing. On the other hand when codes that were initially
developed to run serially are made parallel, the shared memory paradigm with a relatively small
number of CPUs and yet significant gains in performance can be achieved with relative ease

Message passing is used in parallel finite element solution methods based on domain
decomposition approaches [12]. The finite element domain is decomposed into a set of sub-
domains, and each of these is assigned to processor. It is critical to balance the computational
load among processors while also minimizing the number of partition interfaces. Toward this
end, software packages like “Metis” [22] are commonly used to provide finite element mesh
partitions of nearly equal size that achieve load balancing. Danielson et al. [11] presented a
parallel computational implementation of meshfree methods for explicit dynamic analysis.
Several partitioning schemes were considered and explicit MPI message passing statements were
used for all communications among partitions on different processors.

Many compiler directives and libraries have been developed for parallel computing. Among
them MPI and OpenMP are widely used due to portability. OpenMP is a specification for a set
of compiler directives, library routines, and environment variables that can be used to specify
shared memory parallelism. It is a portable, scalable model that gives shared-memory parallel
programmers a simple and flexible interface for developing parallel application. Message

Passing Interface (MPI) is a library specification for message passing. It is a practical, portable,
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efficient, and flexible standard for message passing in a distributed memory communication
environment. Parallel programming languages such as “Charm++” [20,21] also provide

portability, dynamic load balancing, and many advanced features.

4.2 Parallel JCG Solver

The procedure of forming incremental force in conjugate gradient algorithm is parallelized as
shown in Box 4.1. When all nodal contributions are assembled into a global vector, simultaneous
actualization of the global vector by many different processors can cause waiting time by these
processors, leading to a reduction in the parallel speed-up rate. To avoid this concurrency, each
iteration of the outer loop in Box 4.1 is responsible for generating specific entries in the vector
A-g. This procedure for a simple four-node model with three degrees of freedom per node is
illustrated in Figure 4.1. One iteration of the inner loop of Box 4.1 computes the product of
nodal stiffness matrix 4;; and localized nodal displacement g, for each neighbor node, and one
iteration of the outer loop assembles three rows of 4-g. [OpenMP — the specification for shared
memory parallelism - is employed to parallelize this algorithm and an HP Exemplar S-class 16
processor computer is used to test the parallel performance. For wall-clock timing of processes,
Fortran 90 offers an intrinsic function “call date and time”, with a resolution of one
millisecond.] Although this parallel algorithm is based on inner loop-level parallelism in order
to avoid “critical sections” that can cause significant processor waiting time, the workload of the
inner loop cannot be perfectly balanced among the processors and some processors will typically
be idle while s = A - g is computed for the last few nodes. This idle time will be proportional to
the maximum number of coupled nodes for the last few nodes processed in each conjugate

gradient iteration and naturally accumulates with the number of required conjugate gradient
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iterations. Consequently, this algorithm will not show ideal scalability.

The inner loop in the algorithm above is typically not used (at least by the authors) when
using conjugate gradient solvers with FEM. Instead, “critical sections” are used to avoid
updating the global vector simultaneously. The total number of element stiffness matrices,
which are much larger than nodal stiffness matrices, is much less than the number of nodal
stiffness matrix in the same size model, and therefore the number of procedures to assemble
global vector in FEM is less than that of meshfree methods. As a result, the effect of “critical
sections” tends not to have too deleterious an effect on the scalability of parallel conjugate

gradient FEM computations.

4.3 Parallel IC Factorization

The parallel Cholesky factorization method for shared memory machines was discussed in
[14,16] while for distributed memory machines it was presented in [4]. Since it is easy to
implement with the data structures described in Section 3, the IC factorization algorithm
implemented and tested in this research is that based on the submatrix-Cholesky method, which
is just one of three forms of Cholesky decomposition methods illustrated in Figure 4.2 [14]. The
“Modified region” in Figure 4.2 is updated in parallel, and its procedure corresponds to the
parallel inner loop in the algorithm of Box 3.2. As such, parallelism of IC factorization is easily
obtained avoiding dependency that could exist if the outer loop were parallelized. In general the
CPU waiting time in inner loop parallelization is longer than outer loop parallelization, therefore
speed-up is less than ideal as increasing numbers of processors are used. It is noted that outer
loop parallelism can be used [23] resulting in reduced processor waiting time, but this is

dependent upon sophisticated reordering. Due to the high degree of nodal coupling in meshfree
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methods, it is not clear that such reordering would make outer loop parallelism in the IC

factorization process more efficient than the inner loop parallelism used.

5. NUMERICAL EXAMPLES

5.1 The Boussinesq Problem

The Boussinesq problem involves application of a point load to a linear elastic half-space.
The analytical solution of displacement beneath point load is singular and can be expressed by

the following equation.

2

P 3 z
u, = SR {(l v)+ ZRJ (5.1

where R the distance from point of load application. The simple material model and uniform
mesh for a cube form a well-conditioned problem that is ideal for testing the upper limit of PCG
performance. Beyond these factors, the spectrum of the solution field for this problem is
dominated by very high wavenumbers (or very short wavelengths), and iterative solvers such as
the conjugate gradient method tend to converge very rapidly for such problems as they first
obtain the high wavenumber contributions to a solution spectrum, followed subsequently by the
lower wavenumber contributions [3,6]. By first studying the comparative performance of
different solvers on this ideal problem for iterative solvers, convergence rates and crossover
points where iterative solvers begin to outperform direct solvers can be identified. The problem
described in Figure 5.1 is solved with six different levels of model refinement having
discretizations of 3x3x3, 5x5x5, 9x9x9, 11x11x11, 13x13x13, and 17x17x17 equally spaced
nodes.

Using the sparse direct solver VSS [33] the computational costs and solution accuracies

associated with both meshfree (with normalized support size a=1) and FEM (with trilinear shape
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functions) are compared in Table 5.1 and Figure 5.2. When accuracy of solutions is considered,
meshfree analysis is actually very competitive. Table 5.2 compares storage required to solve the
linear problem K-u =f with the sparse direct solver (VSS), the JCG solver, and the ICCG
solver for normalized support sizes of a=1; a=2; and a=3. The VSS solver uses a very effective
reordering algorithm that minimizes the fill that occurs during factorization, thereby minimizing
both the required memory and number of processor operations for the solving process.
Nevertheless, analysis of the results in Table 5.2 indicates that the required memory with VSS
grows in proportion to N' as the problem size N increases whereas the required memory for the
JCG and ICCG solvers grows in proportion to N'' and N'°, respectively. For a given problem
size, the required memory for the ICCG solver is greater than that for the JCG solver since both
require the equivalent of the sparse matrix K but the ICCG solver also requires the factorized K
without fill in. For small and moderate sized problems, the ICCG solver actually requires more
memory than the VSS solver, since the storage required for two sparse matrices without fill-in
can exceed that of a sparse-matrix with fill-in. However, with increasing problem size, the trend
is clearly for the ICCG solver to use substantially less memory than the VSS solver.

With normalized support sizes of a=1 and a=2, the JCG solver becomes faster than VSS on
the Boussinesq problem for problems, respectively, greater in size than 7x7x7 nodes and
16x16x16 nodes. However, for normalized support sizes of a=3 the crossover point at which the
JCG solver overtakes the direct VSS solver was not observed due to the fact that with a support
size of a=3 the stiffness matrix of the problem becomes extremely ill-conditioned greatly
slowing down the rate of convergence within the jacobi-preconditioned conjugate gradient
algorithm. While such a crossover point should exist for sufficiently large problem sizes, it is
not worth pursuing, due to the slow convergence rate of the JCG algorithm. The ICCG solver

provides a much faster rate of convergence than the JCG solver especially when normalized
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support sizes of a=2 or a=3 are used. As shown in Table 5.2 and Figure 5.3, the ICCG solver
begins to outperform the VSS solver in terms of speed on the Boussinesq problem with support
size a=2 for a problem of approximately NEQ=10" equations, and extrapolating the results of
Figure 5.3c, the ICCG solver would begin to outperform the VSS solver with support size a=3
for problem sizes well before NEQ=10".

Both the JCG and ICCG solving algorithms were parallelized for shared memory
environment and tested with small number of CPUs (<12) for this example. The computations
were performed on an HP Exemplar S-class 16 processor computer, and a normalized support
size of a=2 was used. The speed-up factors associated with parallelism are shown in Tables 5.3
and 5.4 and while they are reasonably good, they are a little less than ideal as increasing numbers
of CPUs are used. It is especially noteworthy that the parallel speed-up factors with meshfree
methods diminish somewhat with increasing problem sizes. This is believed by the authors to be
due in part to the increase of idle time during stiffness and force assembly caused by increasing
numbers of neighbor nodes with increasing problem size as was mentioned in Section 4.2. The
Boussinesq problem was also solved by FEM with a parallel JCG solver for comparison of
speed-up factors between two methods. As shown in Figure 5.4(a) almost perfect scalability is
obtained for sufficiently large FEM problems because the proportion of idle cpu-time decreases
with increasing problem size, while unlike the proposed implementation of the meshfree method,
the load associated with each parallel loop iteration stays the same. The parallel ICCG solver
with parallelization of the inner loop of the IC factorization was also tested with small number of
CPUs in shared memory environment. In general, the occurrence of idle CPUs in inner loop
parallelization is more frequent than that with outer loop parallelization. Consequently, speed-up

factors shown in Figure 5.4c are lower than ideal.



24

5.2 The 3D Cylinder Problem

Cylindrical structures subjected to end loadings have been considered by Nour-Omid [26] to
assess the performance of various linear solving algorithms. While this problem is essentially
two-dimensional, it is solved as a 3D problem as shown in Figure 5.5 to produce larger
bandwidth of stiffness matrix. Two different refinements with 11x21x11 and 13x25x13 equally
spaced nodes have been considered. The material is linearly elastic, and a static loading is
applied. The results in Table 5.5 and Figure 5.6 share the same tendencies as the preceding
results obtained for the Boussinesq problem. When a normalized support size of a=1 is used,
both the JCG and ICCG solvers outperform the VSS solver in terms of memory and CPU time.
When normalized support size of a=2 is used, the JCG again converges very slowly due to the
somewhat ill-conditioned stiffness matrix. Alternatively, the ICCG solver appears superior to

both of the other solvers in terms of both memory and cpu-time for this problem.

5.3 The 3D Beam Problem

A cantilever beam test problem is described in Figure 5.7. All the degrees of freedom at the
clamped end are fixed, and uniform loading is applied at the tip of beam in the transverse
direction. Three cases are considered: a linear elastic beam, an elastic beam with geometric non-
linearity, and an elasto-plastic beam with geometric and material non-linearity. The material
properties are Young’s modulus £ = 21,000 MPa, the Poisson’s ratio v = 0.3, and elastoplastic
isotropic hardening o(&”) = 21 + 1000 & Mpa. The beam is discretized into two levels of
refinements with 6x11x21 and 9x17x31 equally spaced nodes, and analyzed using ten equal
loading steps for the nonlinear cases. This example is employed to see how the different

conjugate gradient solvers work for nonlinear problems. First, however, the performance of the
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JCG and ICCG solvers for this cantilever beam geometry are compared to the performance on
the Boussinesq problem (see Table 5.6). While the problem sizes for the 3D linear elastic beam
problem are comparable to those of the largest Boussinesq problems solved (Table 5.2), it is seen
that a considerably larger number of conjugate gradient iterations are required to solve these
problems. Nevertheless, even for though the ICCG solver requires a larger number of iterations
in this problem, it still shows a clear trend toward outperforming both the JCG and VSS solvers.
The relative performance of the different solvers on the nonlinear 3D beam problems are
summarized in Table 5.7 and Figure 5.8. For both the geometrically nonlinear problem, and the
fully nonlinear problem, the magnitude of loading applied to the beam was selected so that the
maximal deflection at the tip is approximately one third of the beam length. For the case
involving material non-linearity in the form of hardening elasto-plasticity, approximately 79
percent of the nodes in the model undergo plastic deformation. The results in Table 5.7 and
Figure 5.8 indicate that both types of nonlinearity, geometric and material, significantly degrade
the performance of the JCG solver with the convergence rates for the elasto-plastic problem
being worse than those for the nonlinear elastic case. For example, Figure 5.8 (¢) shows the
performance of the JCG solver as comparable to that of VSS for the linear elastic case, but it
becomes 1.4 times slower than VSS with introduction of geometric non-linearity, and 3.8 times
slower with further introduction of material non-linearity. The relative performance of the ICCG
solver also deteriorates somewhat in solving nonlinear problems, although not as severely as that
of the JCG solver. Nevertheless, the ICCG solver remains competitive with the VSS direct

solver for large-scale nonlinear problems in terms of CPU time and required memory.



26

6. DISCUSSION and CONCLUSIONS

In this paper two different parallel, pre-conditioned conjugate gradient (PCG) solvers have
been implemented and tested in a meshfree analysis framework on both linear and nonlinear
continuum mechanics problems. The first iterative solver was based on using the inverted
diagonal of the stiffness matrix as a preconditioner (JCG), while the second used the Cholesky
factorization of the sparse stiffness matrix neglecting fill-in (ICCG) as the preconditioner. In
addition, the high-performance direct sparse solver VSS was also used in this study as a baseline
against which to measure the performance of the PCG solvers.

The required memory and cpu-time for in-core meshfree solution of the Boussinesq problem
with normalized shape function support size a=2 tends to grow roughly in proportion to N> and
N*%, respectively, with the VSS solver, in proportion to N*' and N'2, respectively, for the JCG
solver, and in proportion to N'* and N2, respectively, for the ICCG solver. Similar relative
trends for the three solvers are observed on different test problems, and with different normalized
shape function support sizes. It can therefore be stated that above a certain size of analysis
problem, PCG solvers will always be more efficient than direct sparse solvers based on complete
Cholesky factorization, both in terms required CPU operations and required memory. Moreover
by exploiting relatively simple shared-memory parallelism within the PCG solvers, significant
additional computational efficiency is easily gained with relatively small numbers of processors.
Here the parallel performance of the solvers has been explored with up to 12 processors.

Many of the well-established performance characteristics of iterative PCG solvers within
FEM frameworks have been found to be apparent within a meshfree analysis framework as well.
In particular, the performance of iterative solvers is quite problem dependent. On problems
where the solution field has primarily a high wavenumber content, in a spectral sense, iterative

PCG solvers can be extremely efficient and outperform direct solvers even on fairly small sized
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applications. The Boussinesq problem solved in Section 5.1 above is a classic example of such a
problem. However in problems where the solution field has a significant low wavenumber
spectrum, the iterative PCG solvers can require substantially more cpu-effort and iterations. This
was demonstrated in the cylinder and beam problems in Sections 5.2 and 5.3 above.

A new aspect of using PCG solvers within a meshfree analysis framework was also identified
in this work. The usage of relatively large shape-function support sizes in meshfree methods
can result in ill conditioning of the stiffness matrix due to loss of linear independence between
shape functions. Iterative PCG solvers are much more sensitive to this ill-conditioning than
direct equation solvers. In particular, the rate of convergence of the JCG solver was found to be
greatly diminished with larger normalized shape function support sizes such as a=3.
Alternatively, the ICCG solver was found to be significantly more robust and able to deal with
this problem. Nevertheless, even with the ICCG solver, the analyst should avoid choosing the
normalized support size a>2 without good reason, since doing so will entail more computational

effort.
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Box 2.1 Global Newton solving algorithm

Predictor phase

v=20 : counter initialization

d . = JM : displacement predictor

form r,,,(d,,, : initial residual

Corrector phase

while (|[r),,| > RTOL),

Ké, =-r, : linear solving phase for 8,
p, =a,0, : line search for step size «,

d’tl=d’ +p, :displacement update

form '/ (d}!}) :residual update
v=v+1 : counter update
end-while

Box 2.2 Algorithm for assembling global K on a node-by-node basis.

For each nodal (integration) point I

For each member J € N,
For each member L € C,

Assemble K, — global K

End-for
End-for
End-for
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Box 3.1 Algorithm of preconditioned conjugate gradient solver (PCG).

Step 1: Initialize
m=0; x,=0; s,=b;
g, =2,=B"s,;
Step 2: Line search & updates

sm .zm

a, =—"—"—; X, =X,+a,8,.; s, =5, -a A-g.
8nA8,
Step 3: Convergence check
if ”Sm o || <9, ||s0 , then return
Step 4: Update conjugate search direction
2y =BT 8,0 B :S?l—:zmﬂ; &ui =% + B8

m m

m=m+1

Go to step 2
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Box 3.2: Algorithm for incomplete Cholesky factorization
with parallel region.

fork=1:n
A(k,k) = Ak, k)
fori=k+1:n
if A(i,k)=0
A(1,k) = A, k)/Ak, k)
end
end
DO _PARALLEL
for j=k+1:n
fori=j:n
if A(1,j)#0
A, )) =A®,])) - AGL,KAG, k) Parallel region
end
end
end
END PARALLEL

end




Box 3.3: Sparse storage system for small linear system.

4 M\
100 1 1 5 (X)) (201)
200 6 7 9 X, 202
300 10 11 12 X, 203

400 13 14 X4> < 204 >
500 15 Xs 205
600 Xs 206

0\ /
J
\
KDIAG (diagonal terms) = { 100, 200, 300, 400, 500, 600 }
KPTRS (number of off-diagonal coefficients in eachrow)  ={3,3,3,2,1,0}
KINDXS (column index of each coefficient) ={2,3,6,3,4,6,4,5,6,5,6,6}
KCOEFS (off-diagonal coefficients in row format) ={1,2,5,6,7,9,10, 11, 12, 13, 14, 15}

Box 4.1: Algorithm for parallel computation of s, =s, —a A, - g,.
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BEGIN_PARALLEL

For each node 7 €7
For each coupled node J € N,
e Localize incremental displacement vector g, from global to nodal level
e Retrieve nodal stiffness matrix A,, from storage
e Apply nodal stiffness nodal displacement product s, = A, - g,

e Assemble all nodal contributions into global vector s
end-for
end-for

END_PARALLEL
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Figure 2.1. Relationship between shape function support size and nodal connectivity (a) node /
and its support 2, (b) Voronoi integration cell for a node B.
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Figure 4.1. The procedure to assemble all nodal contributions into global vector
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Row-Cholesky Column-Cholesky Submatrix-Cholesky

- modified

Figure 4.2 Three forms of Cholesky factorization.

used for modification

Figure 5.1 Problem description of a Boussinesq problem; Length =16, P = 500;

Young’s modulus: E =30,000; Poisson’s ratio: v=0.3.
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Figure 5.2 Comparison of solution accuracy and problem size (NEQ) for meshfree methods

and FEM with tri-linear basis function, showing that for a given problem size the meshfree

method is much more accurate than FEM
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Figure 5.3 CPU time comparison for the Boussinesq problem with NEQ > 10° (VSS vs.

JCG vs. ICCG) (a) support size a=1; (b) support size a=2; (c) support size a=3.

Computations were performed on HP S-class processors.
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Inner radius = 1; Thickness =1;

Width = 1; E = 30,000 MPa;

rollers

rollers —

Figure 5.5 Description of 3D cylinder problem.
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Figure 5.6 CPU time comparison on HP J-class processors for the 3D cylinder problem (VSS vs. JCG
vs. ICCGQG) (a) support size a=1 (b) support size a=2.

Figure 5.7 Problem description of 3D beam:problem (a) small deformation (linear elastic) (b)
large deformation (geometric and material nonlinear). Length 12, Thickness =2,

Width = 1,Young’s modulus: E = 21,000 MPa; Poisson’s ratio: v = 0.3; Hardening modulus:
H = 1000 MPa; Mixed hardening parameter: p = 1; Initial yield stress: °Y =21 MPa.
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Figure 5.8. CPU time comparison for three cases of the 3D beam problem (VSS vs. JCG vs. ICCG):
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NDOF, support size a=2; (¢) large NDOF, support size a=1.



Table 5.1 Comparison of solution accuracy and cost between meshfree methods and
FEM with a direct solver for the Boussinesq problem. (Computations performed on

HP S-class processors.)

Refinement Meshfree FEM
CPU (sec) du CPU (sec) du

3x3x3 010 -.0208 .024 -.012
5x5x5 .09 -.0441 0.18 -.025
9x9x9 5.8 -.0898 .94 -.051
11x11x11 18.2 -.113 2.81 -.064
13x13x13 52.6 -.135 8.47 -.077
17x17x17 286 -.181 45.4 -.103
25x25%25 - - 384 -.155




Table 5.2 CPU time and number of iterations in VSS, JCG, and ICCG for Boussinesq

problem. (Computations performed on HP S-class processors.)

VSS JCCG ICCG
) Support

Size | NEQ _ Mem.| cpu [Mem.| cpu Mem. | cpu
size Iter. Iter.

(Mw) | (sec) | (Mw) | (sec) (Mw) | (sec)
1 0.003 | 0.01 {0.003| 0.02 | 20 |0.006| 0.02 | 2
3x3x3 81 2 0.003 | 0.01 {0.003| 0.02 | 21 |0.006| 0.03 | 2
3 0.003 | 0.02 {0.003| 0.03 | 31 |0.006| 0.03 | 2
1 0.043| 0.09 {0.030| 0.14 | 31 |0.060| 0.15 | 8
5x5x5 | 375 2 0.054| 0.14 {0.048| 0.39 | 64 |0.096| 045 | 7
3 0.063 | 0.18 |0.058| 2.52 | 351 | 0.12 | 047 | 7
1 092 | 58 | 026 | 3.02 | 51 | 052|237 ] 12
9x9x9 |2,187 2 1.45 | 154 | 0.79 | 40.66 | 201 | 1.58 |36.41| 9
3 1.64 | 33 | 1.35 | 1481 |>4000| 2.7 |1234]| 11
1 22 | 182 | 051 | 7.67 | 60 | 1.02 | 545 | 15
11x11x11| 3,993 2 41 | 614 | 1.8 | 1245 265 | 3.6 [1029] 10
3 52 | 107 | 3.5 | 7374 |>8000| 7.0 |[450.3| 11
1 48 | 526089 | 170 | 69 | 1.78 | 10.1 | 16
13x13x13| 6,591 2 9.5 | 197 | 339 | 288 | 322 | 6.78 | 222 | 11
3 13.6 | 464 | 7.24 | >10* | >10* | 14.5 | 1137 | 17
1 16.6 |2859| 2.19 | 44.1 60 | 438 | 33.5 | 17

17x17x17|14,739

2 36.0 [ 1115.] 9.06 | 1074 | 416 | 18.1 | 658 | 12
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Table 5.3 Speedup of total solving time in JCG solver for the Boussinesq problem with
support size = 2.

‘ No. of Processors
Size
1 2 4 8 12
9x9x9 1.00(0.92) |2.03(0.84) |3.18(0.71) |4.82(0.52) |4.98(0.43)
11x11x11 | 1.00(0.92) |1.73(0.87) [2.90(0.79) [4.59(0.59) |6.21 (0.52)
13x13x13 | 1.00 (0.93) |1.85(0.87) |2.86(0.80) [4.76 (0.67) |6.50(0.58)
17x17x17 | 1.00 (0.94) |1.86(0.89) |[3.11(0.82) |[5.02(0.68) |6.38(0.60)

Note: Time in parentheses is % of solving time in parallel region

Table 5.4 Speedup in parallel region of JCG solver for the Boussinesq problem with

support size a =2.

No. of Processors
Size
1 2 4 8 12
9x9x9 1.00 2.00 4.00 8.00 11.91
11x11x11 1.00 1.83 3.38 7.17 11.00
13x13x13 1.00 1.97 3.31 6.60 10.46
17x17x17 1.00 1.97 3.56 6.93 10.01




Table 5.5 CPU time, memory, and no. iterations with VSS, JCG, and ICCG solvers for the

3D cylinder problem. (Computations performed on HP J-class processors.)

VSS JCG ICCG
) Support
Size _ Memory| CPU [Memory| CPU Memory| CPU
size Iter. Iter.
(Mw) | (sec) | (Mw) | (sec) Mw) | (sec)
11x11x21 1 6.74 87.6 1.18 66.4 | 212 2.36 22.9 38
NEQ=7,623 2 15.66 | 486.1 | 6.01 |1060.0 | 674 | 12.02 | 579.7 84
13x13x25 1 1432 | 241.2 | 2.07 78.6 144 4.14 41.1 41
NEQ=12,675| 2 363 | 1494.8 | 11.06 |2232.1| 731 | 22.12 |1275.1| 127

Table 5.6 CPU time, memory, and no. iterations with VSS, JCG, and ICCG solvers for

linear elastic 3D beam problem. (Computations performed on HP J-class processors.)

VSS ICG ICCG
) Support

Size ) Memory| CPU Memory| CPU Memory| CPU
size Iter. Iter.

Mw) | (sec) | (Mw) | (sec) (Mw) | (sec)
6x11x21 1 1.74 | 10.2 | 0.50 | 29.7 | 259 1.00 20.5 118
NEQ=4158 2 371 | 46.6 | 1.94 |2219| 465 | 3.88 | 1194 | 85
9x17x31 1 1298 [177.1| 196 |184.3| 377 | 3.92 | 131.6 | 172
NEQ=14,229| 2 29.48 |875.0] 9.01 |1837.5| 816 | 18.02 | 699.9 | 88
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Table 5.7 CPU times®, memory, and no. iterations with VSS, JCG, and ICCG solvers for

nonlinear 3D beam problems.

VSS JCG ICCG
. . |Support
Size |Material| Mem.| CPU |Mem.| CPU Mem.| CPU
Size a 3 5. [Iter. 5. | Iter.
(Mw) | (s:107) | (Mw) | (s-10%) (Mw) | (s:10%)
NE* 1 1.74 | 354 | 05 1.344 |333| 1.00 | 8.201 | 132
2 371 | 1.699 | 1.94 | 8336 |481| 3.88 | 4.349 | 82
6x11x21
1 1.74 | 4929 | 0.5 | 31.918 |567| 1.00 | 12.590 | 148
EP**
2 3.71 |20.358 | 1.94 | 119.035 |602| 3.88 |52.730 | 98
NE 1 12.98| 6.922 | 1.96 | 10.007 |490| 3.92 | 6.274 | 219
Ox17x31
EP 1 12.98|24.325 | 1.96 | 92.015 |905| 3.92 | 40.732 | 227

Note: Number of iteration is averaged value per one solving.

? Measured on HP J-class workstations.

*Nonlinear Elastic; **Elasto-plastic
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